A proper choice for the sign of the Lorentz-covariant relativistic Lagrangian for a particle moving in an electromagnetic field is presented. This choice is based on which space-time metric is used in the representation of the relativistic particle dynamics.
The relativistic Lagrangian for a particle moving in an electromagnetic field is defined up to an overall sign. In almost all textbooks, the Lagrangian is defined with an overall negative sign [1, 2, 3, 4] , while in some, the Lagrangian is defined with a positive sign [5, 6] . In the present brief note, we show that the overall sign of the Lorentz-covariant relativistic Lagrangian is determined consistently by the choice of space-time metric used in describing the particle dynamics:
where σ = + 1 for a time-like metric and σ = − 1 for a space-like metric. First, we consider the following relativistic Lagrangian describing the motion of a particle (of mass m and charge e) under the influence of an electromagnetic field
where ǫ = ± 1 and A µ = (Φ, A) denotes the components of the electromagnetic four-potential. Here, the relativistic factor is
and a dot refers to a time derivative. The choice ǫ = −1 is most commonly adopted because the regular Hamiltonian H is defined by regular Legendre transformation as
while the classical Lagrangian
is obtained from the relativistic Lagrangian L − in the nonrelativistic limit (|ẋ| ≪ c), where the constant − mc 2 was omitted from Eq. (5). Here, the identity v ≡ẋ for the particle velocity results from the Euler-Lagrange equation for v (since ∂L cl /∂v ≡ 0). Next, we show that the choice for ǫ for a Lorentzcovariant relativistic Lagrangian can be consistently based on the sign σ of the space-time metric (1) . For this purpose, we introduce the notation
where A µ = (A 0 , A) and B µ = (B 0 , B) are two arbitrary four-vectors and we used the space-time metric (1). Hence, the relativistic factor (3) is defined covariantly as
The relativistic Lagrangian (2) can be written in Lorentzcovariant form as
therefore involves an integration involving two Lorentz invariants mc ds and (e/c) A µ dx µ , where ds 2 ≡ σ dx µ dx µ and used the definition (6). The Euler-Lagrange equations
obtained from the relativistic Lagrangian (8) or the variational principle based on the action integral (9), are expressed as
where the common factor of ǫ σ has been removed from both sides [i.e., the Euler-Lagrange equations (10) are independent of the choice of the sign ǫ of the Lagrangian and the sign σ of the space-time metric]. If we now define the proper time derivative d/dτ ≡ γ d/dt and the fourvelocity u µ ≡ dx µ /dτ , the Euler-Lagrange equations (10) become (upon multiplication by γ)
Note that these equations can be obtained directly from the variational principle δ £ ǫ dτ = 0, where
The associated Euler-Lagrange equations
directly yield the covariant equations of motion (11). The covariant and contravariant components of the canonical four-momentum are derived from the Lagrangian (8) as
where we used the space-time metric (1) to relate the covariant and contravariant components p µ ≡ g µν p ν . A consistent choice for the sign ǫ of the relativistic Lagrangian (8) [and Eq. (12) ] is ǫ ≡ σ and, therefore, the proper choice for the Lorentz-covariant relativistic Lagrangian for a particle moving in an electromagnetic field is
or
Hence, we see that the choice of sign for the relativistic Lagrangian (15) is intimately connected to the choice of space-time metric. We note that the components of the canonical four-momentum
are naturally independent of the choice (σ = ± 1) of the space-time metric (1) . Lastly, the Lagrangian (15) satisfies the identitẏ
where we used the definition (3) for the relativistic factor γ. Using the identity (18), the extended Hamiltonian H σ derived from the extended Legendre transformation
therefore vanishes identically. In summary, while the choice for the sign ǫ of the relativistic Lagrangian (2) does not impact its associated Euler-Lagrange equations, the choice ǫ = −1 is commonly used because of its natural connection with the relativistic Hamiltonian (4) and its non-relativistic limit (5) . When a Lorentz-covariant relativistic Lagrangian formulation is adopted, however, a consistent choice for ǫ ≡ σ is associated with the sign σ of the space-time metric (1) used.
